We investigate the Jacobian decomposition of some algebraic curves over finite fields with genus 4, 5 and 10. As a corollary, explicit equations for curves that are either maximal or minimal over the finite field with p 2 elements are obtained for infinitely many p's. Lists of small p's for which maximality holds are provided. In some cases we describe the automorphism group of the curve.
Introduction
Throughout the paper, by curve we mean a projective, non-singular, geometrically irreducible algebraic curve defined over a finite field F q 2 of order q 2 . The algebraic closure of the field F is denoted by F. A curve X with genus g = g(X ) is called F q 2 -maximal if the number of its F q 2 -rational points attains the Hasse-Weil upper bound, that is,
Apart from being mathematical objects with intrinsic interest, maximal curves are often used for applications in Coding Theory, Cryptography and Finite Geometry. For a survey on maximal curve we refer to [46, Chapter 10] . For a given q, the largest g for which there exists an F q 2 -maximal curve of genus g is q(q − 1)/2 [49] , and equality holds if and only if the curve is the Hermitian curve H q with equation X q+1 = Y q + Y [69] .
A complete solution of the classification problem for maximal curves seems to be out of reach and looking for new examples is still a very active line of research. A well-known construction method for maximal curves is based on a result of Kleiman [56] , sometimes attributed to Serre (see [58] ), stating that any non-singular curve which is F q 2 -covered by an F q 2 -maximal curve is also F q 2 -maximal. Concrete examples of F q 2 -maximal curves which are Galois-covered by H q can be found e.g. in [14, 32, 59, 63] . For a long time the problem of establishing whether all F -maximal curves were covered by H q remained open; see e.g. [87] .The problem was solved in [35] , where examples of F q 2 -maximal curves, with q = p 3h > 8, p a prime, non-covered by H q were constructed. Applying Kleiman-Serre covering result to these curves and to their generalizations [30] , [7] and [71] provided further examples of maximal curves; see [1, 8, 15, 22, 38, 39] . Other recent constructions can be found in [42, [78] [79] [80] [81] .
The aim of this paper is to provide new examples of F p 2 -maximal curves with low genus. We remark that an F p 2 -maximal curve is also F p 2h -maximal for every positive odd integer h. By a criterion going back to Tate [76, Theorem 2(d) ] and explicitly pointed out by Lachaud [58, Proposition 5] , a curve Date: October 25, 2019. 1 defined over F p with genus g is F p 2 -maximal if and only if its Jacobian is F p 2 -isogenous to the gth power of an F p 2 -maximal elliptic curve. Here, such a criterion is applied to plane curves whose Jacobian decomposition was originally studied in the zero characteristic case. In this direction, our main achievements are Theorem 2.4, Remark 2.5, Theorem 3.14, and Theorem 3.15. These results rely on a theorem by Kani and Rosen, which provides a decomposition of the Jacobian of a curve under some conditions on its automorphism group. Theorem 1.1. [41, Theorem B] Given a curve X , let G ≤ Aut Fq (X ) be a finite group such that G = H 1 ∪ · · · ∪ H m , where the subgroups H i satisfy H i ∩ H j = {1 G } if i = j. Then we have the following F q -isogeny relation J m−1 X × J g X /G ≃ J h 1 X /H 1 × · · · × J hm X /Hm , where g = |G|, h i = |H i |, and, as usual, J r = J × · · · J (r times). Corollary 1.2. [41, Example 1] With the same notation as in Theorem 1.1, if G = C 2 × C 2 = {1 G , α 1 , α 2 , α 3 } then J X × J 2 X /G ≃ J X / α 1 × J X / α 2 × J X / α 3 . Theorem 1.1 has already been used e.g. in [2, 10, 47, 48, [51] [52] [53] [54] 66] to provide examples of curves with many points with respect to their genus, including maximal curves. For some curves investigated in this work, Theorem 1.1 provides a decomposition of their Jacobian into elliptic curves. In order to establish whether these factors are isogeneous or not, we will use modular polynomials of low degrees, for which we refer to [12] and the web database [13] .
The full F p 2 -automorphism group G is an invariant of great relevance for an F p 2 -maximal curve X . In fact, by Kleiman-Serre covering result, for each subgroup H of G the quotient curve X /H is still F p 2 -maximal. Therefore, automorphism groups of some of the curves under investigation are determined.
The paper is organized as follows. In Section 2 we study the curve C with equation 4(x 2 − x + 1) 3 27x 2 (x − 1) 2 + 4(y 2 − y + 1) 3 27y 2 (y − 1) 2 = 1.
In characteristic zero, C is one of the two genus 4 curves with exactly 72 automorphisms and its Jacobian decomposes as the 4-th power of an elliptic curve; see [89] . We prove that such a curve is F p 2 -maximal for infinitely many primes p; see Theorem 2.4 and Remark 2.5. We show that its full automorphism group is isomorphic to (S 3 × S 3 ) ⋊ C 2 , as it happens in characteristic zero; see Section 2.2. In Section 3 we deal with a family of curves with genus 5, given by Equation (10) . In characteristic zero, these curves were characterized by Shaska [70] as the genus 5 hyperelliptic curves with automorphism group isomorphic to the direct product of A 4 and a group of order 2; Paulhus later observed that their Jacobian decomposes in the product of three isogenous elliptic curves and a hyperelliptic curve of genus 2; see [67, Proposition 4] . The main result of the section is Theorem 3.14, which states that some curves in the family are either F p 2 -maximal or F p 2 -minimal (that is, attaining the Hasse-Weil lower bound) for infinitely many primes p. A list of p for which specific curves of the families are F p 2 -maximal is provided; see Theorem 3.15. In Section 4 we extend Shaska's characterization result to the positive characteristic case; see Theorem 4.2.
Finally, in Section 5 we report some results on the Jacobian decomposition and the F p 2 -maximality of other curves with genus 10.
A curve of genus 4
In this section we study the plane curve C of affine equation
be the function field of the curve C. Let τ 1 , τ 2 , σ be the order-2 automorphisms of F defined by σ(x, y) = (y, x), τ 1 (x, y) = (−x + 1, y), τ 2 (x, y) = (x, −y + 1). We consider the group G = τ 1 , τ 2 , σ . Such a group is elementary abelian of order 8 and can be written as
Proposition 2.1. The Jacobian variety of both the quotient curves C/ τ 1 and C/ τ 2 is F p -isogenous to twice the Jacobian variety of the elliptic curve with equation
Proof. Note that τ 1 fixes both y 1 = y and x 1 = x(−x + 1). As τ 1 is an involution, the function field
Consider the genus 2 hyperellittic function field F p (u, v) with
Hence G ∼ = C/ τ 1 and applying the same argument to x 2 = x, y 2 = y(−y + 1), and τ 2 , we see that G ∼ = C/ τ 2 as well. Now we investigate the Jacobian decomposition of the hyperellittic curve G. We apply Corollary 1.2 to G and the automorphism group of order 4 generated by the involutions
It is immediate to see that the quotient curve G/ ψ 1 is rational, whereas both G/ ψ 2 and G/ ψ 1 ψ 2 are elliptic. In fact, ψ 2 fixes u 1 = −u 2 + u and v 1 = v, and
The function fields of the curves G/ ψ 2 and G/ ψ 1 ψ 2 are F p -isomorphic to F p (C 1 ) = F p (x ′ , y ′ ) and
respectively, where
The two elliptic curves C 1 and C 2 are isogenous via the isogeny defined over their function field by θ(x ′′ , y ′′ ) = (θ 1 (x ′′ , y ′′ ), θ 2 (x ′′ , y ′′ )) where
By Corollary 1.2, the claim follows.
Proposition 2.2. The Jacobian varieties of both the quotient curves C/ σ and C/ στ 1 τ 2 are F pisogenous to the Jacobian variety of the elliptic curve of equation
Proof. First note that the curves C/ σ and C/ στ 1 τ 2 are F p -isomorphic since the subgroups σ and στ 1 τ 2 are conjugated in the F p -automorphism group of C. Indeed, considering the automorphism of F γ(x, y) = (x, −y + 1) then γσ = τ 1 τ 2 γ. Therefore, we are going to deal only with the curve C/ σ . Both x 2 = x + y and y 2 = xy are fixed by σ. Then F p (x 2 , y 2 ) ∼ = F p (C/ σ ). Also,
As σ fixes exactly 6 points of C, by the Riemann-Hurwitz formula the genus of C/ σ is 1.
An isogeny ϕ between C/ σ (with homogeneous coordinates X 1 , Y 1 and Z 1 ) and the elliptic curve Proposition 2.3. The Jacobian variety of the curve C/ τ 1 τ 2 is F p -isogenous to twice the Jacobian variety of the elliptic curve of equation
Proof. Note that
is the function field of C/ τ 1 τ 2 it is sufficient to note that F p (x 3 , y 3 ) has genus 2. Indeed, from the Hurwitz genus formula and Theorem 1.2 applied with respect to G, C/ στ 1 has genus 1 and since τ 1 τ 2 ∈ στ 1 ,
given by
Consider the involutory automorphisms of the hyperelliptic function field F p (u ′′ , v ′′ ) given by
The two elliptic curves E 1 :
Theorem 2.4. Let p > 7 be a prime. Then the F p -rational curve C is F p 2 -maximal if and only if the elliptic curve E :
In particular, C is F p 2 -maximal for infinitely many primes.
Proof. We apply Theorem 1.1 to the curve C and the group G = τ 1 , τ 2 , σ . Such a group can be written as G = τ 1 ∪ τ 2 ∪ σ ∪ στ 1 ∪ στ 1 τ 2 ; see Equation (2) . In this case, m = 5, h 1 = h 2 = h 3 = h 5 = 2, h 4 = 4 and
By the Hurwitz genus formula applied to G, we deduce that C/G is rational. In fact, the number of places of C fixed by elemets of G exceeds 6. By Propositions 2.1 and 2.2 the Jacobians of C/ τ 1 , C/ τ 2 , C/ σ and C/ στ 1 are F p -isogenous to a power of the Jacobian of E. Hence Equation (7) reads
3 the Jacobian of the curve C/ τ 1 τ 2 is F p 2 -isogenous to a power of J E , and hence C/ τ 1 τ 2 is an F p 2 -maximal curve. But C/ στ 1 is F p 2 -covered by C/ τ 1 τ 2 ; therefore C/ στ 1 is F p 2 -maximal too, and so is C by the Tate-Lachaud criterion mentioned in the introduction.
An elliptic curve over the complex field with integer coefficients, when it is viewed as a curve defined over F p with p a prime, is supersingular for infinitely many p's; see [19] . Since a supersingular elliptic curve defined over F p is F p 2 -maximal, the elliptic curve E is F p 2 -maximal for infinitely many p's. This proves the second claim.
Remark 2.5. MAGMA [9] computations show that the list of primes up to 100000 for which the curve E, and therefore C, 
An F 17 2 -rational isomorphism between C : (4(
and w is a primitive element of F 17 2 . We are not able to tell whether C is Galois covered by the Hermitian curve for p > 17.
2.2.
Automorphism group of C. The aim of this section is to compute the full automorphism group of C when p ≥ 5. First, we construct a subgroup H of automorphisms of C, and then we will prove that when p ≥ 5, H coincides with the full automorphism group of C.
Remark 2.7. The full automorphism group of C contains a subgroup
It is easily seen that
3 so that α 1 , α 2 ∼ = S 3 and α 3 , α 4 ∼ = S 3 , and α 5 interchanges α 1 , α 2 into α 3 , α 4 by conjugation. Proof. We first prove that the size of Aut(C) is coprime to p. Assume on the contrary that S is a Sylow p-subgroup of Aut(C). Then by [65, Theorem 1]
For p ≥ 11 this contradicts |S| ≥ p. By direct checking with MAGMA, if either p = 5 or p = 7 then the curve C is ordinary, that is, the p-rank γ of C equals its genus g(C) = 4. If p = 7, by [65, Theorem 1 (i)] we have |S| ≤ 3p/(p − 2) ≤ 21/5 < 7, a contradiction. If p = 5 then |S| = 5. By [37, Theorem 1.3], |Aut(C)| divides 2p(p − 1) = 40, a contradiction as 72 | |Aut(C)| by Remark 2.7. This shows that p does not divide |Aut(C)|. By [46, Theorem 11 .108], |Aut(C)| = 2 a 3 b 5 c 7 d for some integers a, b, c, d ≥ 0. Observe that a ≥ 3 and b ≥ 2 as 72 | |Aut(C)|. Hurwitz bound [46, Theorem 11.56] yields |Aut(C)| ≤ 84(g − 1) = 252, hence |Aut(C)| ∈ {72, 144, 216}.
Next we prove that the cases |Aut(C)| = 144 and |Aut(C)| = 216 cannot actually occur. 
for some a ≥ 0 and b ≥ 0 as S contains just proper subgroups of order 3. Necessarily, b = 0 and a = 3. Geometrically, this shows that for 3 points, say P 1 , P 2 and P 3 , the stabilizer S P i has order 3. Since the 8 elements of order 3 in S are all conjugated and therefore fix the same number n of points, the only possibility is n = 1 and S P i = S P j for every i = j and i, j = 1, 2, 3. Note that S acts transitively on the set {P 1 , P 2 , P 3 }. Let N be the normalizer of S in Aut(C). Then by direct checking with MAGMA, N = S ⋊ M, for some subgroup M of order 16. The group M is isomorphic to a subgroup of automorphisms of the elliptic curve C/S, which fixes the point of C/S corresponding to the orbit {P 1 , P 2 , P 3 }. But this is impossible by [46, Theorem 11.94(ii) ].
We are left with the case where C/S is a rational curve. Note that S cannot have fixed points on C since it is not a cyclic group; see see [46, Theorem 11.49] . By the Hurwitz genus formula we get that 6 = −2 · 9 + 2a, and hence a = 12 and each element of order 3 in S has exactly 3 fixed points. For a subgroup T of S of order 3, by the Hurwitz genus formula applied to T the quotient curve C/T is elliptic. The normalizer N T of T in Aut(C) has order 36 and the factor group N T /T contains an elementary abelian subgroup K of order 4. Clearly, N T acts on the set of 3 points fixed by T . Therefore K, viewed as an automorphism group of C/T , acts on the set of 3 points of C/T corresponding to the fixed points of T . Necessarily K fixes at least one of these 3 points. Since K is not cyclic we have a contradiction by [46, Theorem 11.49] .
This shows that the elements of order 3 cannot be all conjugated in Aut(C) and hence that Aut(C) cannot be isomorphic to SmallGroup(144, 182). By Lemma 2.8 Aut(C) has order 72, and the claim follows by Remark 2.7. x 6 + y 6 + 2x 2 y 2 + 12xy + 14 = 0; see [68, 88] . We point out that the curve C is not F 17 -isomorphic to either of them, since the automorphism group of the former is ((C 2 × C 2 ) ⋊ (C 3 × C 3 )) ⋊ C 2 ∼ = Aut(C), whereas the order of the automorphism group of the latter is 12.
Curves of Genus 5
Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 be such that (9) a 2 + 108 = 0.
We consider the following family of algebraic curves
Let F a = F p (x, y) with y 2 = x 12 −ax 10 −33x 8 + 2ax 6 −33x 4 −ax 2 + 1 be the corresponding function field. Let G = α 1 , α 2 , where α 1 , α 2 are the following involutory automorphisms of F a : Then the curve C a defined as in (10) has genus 5 and C a is a hyperelliptic curve.
Proof. To prove the statement it is sufficient to observe that, if f (X) = X 12 − aX 10 − 33X 8 + 2aX 6 − 33X 4 − aX 2 + 1 then f (X) has multiple roots if and only if a 2 + 108 = 0 since the resultant of f (X) and its derivative f (X) ′ is equal to (a 2 + 108) 8 A decomposition of the Jacobian J a of C a is obtained applying Theorem 1.1, with respect to the automorphism group G = α 1 , α 2 .
Remark 3.2. Since α 1 is the hyperelliptic involution of C a , the fixed fields F ixG and F ix α 1 are both rational, see [46, Theorem 11.98 ]. More precisely, it is easily seen that F ix α 1 = F p (x) and F ixG = F p (x 2 ).
To apply Theorem 1.1 we need to compute the fixed fields of α 2 and α 3 = α 1 α 2 . 
In particular F ix α 2 is a hyperelliptic curve of genus 2.
Proof. The first assertion follows from the fact that x 2 is fixed by α 2 . The polynomial f 1 (X) = X 6 − aX 5 − 33X 4 + 2aX 3 − 33X 2 − aX + 1 has no multiple roots by In particular F ix α 3 is a hyperelliptic curve of genus 3.
Proof. Since α 3 fixes both θ and ρ, we have F p (θ, ρ) ⊆ F ix α 3 . As the degree of the function field extension F p (x, y) : F p (θ, ρ) is clearly 2, we have that F ix α 3 = F p (θ, ρ). By Equation (10),
Consider the polynomial f 2 (X) = X 7 − aX 6 − 33X 5 + 2aX 4 − 33X 3 − aX 2 + X. Then f 2 (X) has no multple roots over F p since the resultant of f 2 (X) and f 2 (X) ′ is equal to (a 2 + 108) 4 At this point, we get a first decomposition of the Jacobian of C a as a straightforward application of Corollary 1.2. Corollary 3.5. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Then the Jacobian variety J a of the curve C a defined in (10) decomposes as
where J a,2 is the Jacobian variety of the hyperelliptic curve of genus 2
while J a,3 is the Jacobian variety of the hyperelliptic curve of genus 3
Now, a decomposition of the Jacobian J a,2 of the curve C a,2 whose function field is defined by Equation (11)), is obtained by applying Theorem 1.1 to the automorphism group G 2 = β 1 , β 2 with
It is easily seen that β 1 , β 2 ∈ Aut(C a,2 ) and that G 2 = β 1 , β 2 is elementary abelian of order 4. Also, since β 1 is the hyperelliptic involution of C a,2 we know that both F ix β 1 = F p (θ) and F ixG 2 = F p (θ + 1/θ) are rational. We will prove that J a,2 decomposes completely as a power of the Jacobian of a unique elliptic curve. First, we compute the fixed fields of β 2 and β 3 = β 1 β 2 . In particular F ix β 2 is elliptic.
Note that bothx andỹ are fixed by β 2 ; also, the field extension F p (θ, η) : F p (x,ỹ) has degree 2, whence F ix β 2 = F p (x,ỹ). By Equation (11)
4x − 1. The polynomial X 3 + a+6 4 X 2 + a−6 4 X − 1 has no multiple roots since (a 2 + 108) = 0 and hence F ix β 2 is elliptic. The claim follows considering the isomorphism (x,ỹ) → (x,ỹ/2). In particular F ix β 3 is elliptic.
Proof. Let
Then the proof is analogous to that of Lemma 3.6.
Remark 3.8. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Then the quotient curves C a,2 / β 2 and C a,2 / β 3 are F q 2 -isomorphic. The isomorphism between the two curves is given by
At this point the complete decomposition of J a,2 follows by applying Corollary 1.2 to G 2 . Corollary 3.9. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Then the Jacobian variety J a,2 of the curve C a,2 defined in (14) decomposes as J a,2 ∼ J 2 E 1 where J E 1 is the Jacobian variety of the elliptic curve
Furthermore, the Jacobian variety J a of the curve C a defined in (10) decomposes as 3 , where J a,3 is as in Corollary 3.5.
We proceed now with the complete decomposition of the Jacobian J a,3 of the curve C a,3 , whose function field F p (ρ, θ) is defined in Equation (12), by applying Theorem 1.1, with respect to the automorphism group G 3 = γ 1 , γ 2 , where
It is easily seen that γ 1 , γ 2 ∈ Aut(C a,3 ) and that G 3 = γ 1 , γ 2 is elementary abelian of order 4. Since γ 1 is the hyperelliptic involution of C a,c , both F ix γ 1 = F p (θ) and F ixG 3 are rational. We first show that J a,3 decomposes as a the product of the Jacobians of an elliptic curve and of a curve of genus 2.
Lemma 3.10. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Then
In particular F ix γ 2 is elliptic.
Proof. Let δ = (θ 2 + 1)/θ = θ + 1/θ = θ + γ 2 (θ) and ν = −ρ/θ 2 . Then δ and ρ are fixed by γ 2 since γ 2 (δ) = γ 2 (θ) + γ 2 2 (θ) = γ 2 (θ) + θ and γ 2 (ν) = (−ρ/θ 4 ) · θ 2 = −ρ/θ 2 = ν. Also from (12),
Then the rest of the proof is analogous to that of Lemma 3.6.
In the following remark we show that the quotient curve C a,3 / γ 2 and E 1 are F q 2 -isomorphic.
Remark 3.11. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Then the elliptic curves E 1 : Y 2 = 4X 3 +(a+6)X 2 +(a−6)X −4 and C a,3 / γ 2 : Y 2 = X 3 −aX 2 −36X +4a are F q 2 -isomorphic through the birational morphism ϕ : E 1 → C a,3 / γ 2 given by
where ξ 2 = −1.
Lemma 3.12. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Let
In particular, F ix γ 3 is hyperelliptic of genus 2.
Proof. Let δ = (θ 2 + 1)/θ = θ + θ = θ + γ 3 (θ) and ǫ = (θ 2 ρ − ρ)/θ 3 . Then δ and ǫ are fixed by γ 3 since γ 3 (δ) = γ 3 (θ) + γ 2 3 (θ) = γ 3 (θ) + θ and γ 3 (ǫ) = (−ρ/θ 6 + ρ/θ 4 ) · θ 3 = (−ρ + ρθ 2 )/θ 3 = ǫ. Using Equation (12) one can easily check that ǫ 2 = δ 5 − aδ 4 − 40δ 3 + 8aδ 2 + 144δ − 16a holds. Arguing as in the previous proofs, we have that F p (δ, ǫ) coincides with F ix γ 3 and it is hyperelliptic of genus 2.
The following corollary summarizes the results obtained in this section so far. Corollary 3.13. Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Then the Jacobian variety J a,3 of the curve C a,3 defined in (15) decomposes as J a,3 ∼ J a,3,2 × J E 1 where J E 1 is the Jacobian variety of the elliptic curve
and J a,32 is the Jacobian variety of the genus 2 curve
Furthermore, the Jacobian variety J a of the curve C a defined in (10) decomposes as
In the rest of the section we investigate the curve C a,3,2 , whose function field is F q (δ, ǫ), where Equation (21) holds.
For k ∈ F p 2 , k = ±2 and k = ±6, let λ = 12−k 2 2k and a = λ 3 −36λ λ 2 −4 . Then by straightforward computation
We consider the group generated by the hyperelliptic involution and
, which is elementary abelian of order 4. Note that µ ∈ F p 2 , since
are fixed by ψ i . By direct computations, the quotient curves C i a,3,2 = C a,3,2 / ψ i have equations
It turns out that the two elliptic curves are isogenous over F p 2 via the isogeny ϕ : C 0 a,3,2 → C 1 a,3,2 with
Now we need to investigate whether C 0 a,3,2 and E 1 are isogenous or not. To this end, we will consider the theory of modular polynomials, for which we refer to [12] and the web database [13] . We proceed following [72, Section 1].
Let j(k), and j(k) be the j-invariants of C 0 a,3,2 and E 1 , respectively, both expressed as a function of k. We have
Let Φ ℓ ∈ Z[X, Y ] be the classical modular polynomial of degree ℓ. It parametrizes pairs of ℓisogenous elliptic curves in terms of their j-invariants. More precisely, over a field F of characteristic not equal to ℓ, the modular equation Φ ℓ (j 1 , j 2 ) = 0 holds if and only if j 1 and j 2 are the j-invariants of elliptic curves defined over F that are related by a cyclic isogeny of degree ℓ.
In our case, F is a finite field F p 2 , and ℓ = 3. Given our ellipic curve E 1 , the class of elliptic curves ℓisogenous to E 1 can be determined by computing (if any) the roots of
Hence we search for k ∈ F p 2 with Φ ℓ (j(k), j(k)) = 0 satisfying Condition (9).
We are not able a priori to decide whether the ℓ-isogeny is between E 1 and C 0 a,3,2 or its twists. So, the condition Φ ℓ (j(k), j(k)) = 0 ensures the existence of an ℓ-isogeny over F p 4 between C 0 a,3,2 and E 1 . Thus we look for explicit descriptions of such ℓ-isogenies and check if they are defined over F p 2 .
• k 2 = 36/5. In this case the 3-isogeny between C 0 a,3,2 and E 1 is (x, y) → ψx θx , ψy θy , where
• k 2 = −4/7. In this case the 3-isogeny between C 0 a,3,2 and E 1 is (x, y) → ψx θx , ψy θy , where
• k 2 = 24k + 36. In this case the 3-isogeny between C 0 a,32 and E 1 is (x, y) → (A(x), cyA ′ (x)), A(x) = a 3 x 3 +a 2 x 2 +a 1 x+a 0 x 3 +b 2 x 2 +b 1 x+b 0 , c 2 − 1/3c − 1/9 = 0, and ka 3 + 2/7k + 6/7a 3 = 0 a 2 2 + 276/5a 2 + 17424/25 = 0 a 2 1 − 384a 1 + 36864/5 = 0 a 2 0 + 512a 0 + 65536/5 = 0 b 2 2 − 12b 2 − 1584/5 = 0 b 2 1 − 192b 1 + 36864/5 = 0 b 2 0 + 256b 0 + 65536/5 = 0.
• k 2 = −24k + 36. In this case the 3-isogeny between C 0 a, 32 and E 1 is (x, y) → (A(x), cyA ′ (x)),
, c 2 − 1/3c − 1/9 = 0, and
We summarize all the results about the curve C a in the following theorem. 
If k 2 = 36/5, k 2 = −4/7, or k 2 = ±24k 2 + 36, then a ∈ F p 2 and the Jacobian variety J a of the curve C a defined in (10) is F p 2 -isogenous to the fifth power of the Jacobian variety J E 1 of the elliptic curve E 1 : Y 2 = 4X 3 + (a + 6)X 2 + (a − 6)X − 4. In particular, there exist infinitely many primes p such that C a is either maximal or minimal over F p 2 .
Proof. We only need to prove that there exists a fixed elliptic curve E defined over Q such that E 1 and E are F p 4 -isogenous for any p. This is clear since the j-invariant of E 1 is a rational number.
Using the software MAGMA [9] we determined all the primes p less than 100000 such that one of the above conditions on k ∈ F p is satisfied and E 1 is F p 2 -maximal. 
A characterization in terms of automorphism groups
In this section we extend to the positive characteristic case a characterization of curves with equation (10) in terms of their automorphism group, provided by Shaska in [70] .
Let q = p h where h ∈ N and p is an odd prime. Let a ∈ F q 2 with a 2 + 108 = 0. Denote by F p the algebraic closure of F q 2 . We consider the family of algebraic curves C a as described in (10) .
We know that g(C a ) = 5, C a is hyperelliptic and that the hyperelliptic involution is
Our first aim is to show that Aut(C a ) admits a subgroup H with H ∼ = A 4 × C 2 ∼ = SmallGroup (24, 13) where A 4 denotes the alternating group in 4 letters. Then we prove that if X 5 is an hyperelliptic curve of genus 5 admitting an automorphism group isomorphic to H then X is F p -birationally equivalent to a curve C a in (10) .
Let i ∈ F q 2 with i 2 = −1. Consider the following map
It is easily seen that β ∈ Aut(C a ). Also, β has order 3. Involutory involutions of C a are described as follows:
The group generated by α 1 , α 2 , and α 3 is an elementary abelian group of order 8.
To show that H 1 = α 2 , β ∼ = A 4 and that α 1 ∈ H 1 , we first observe that
Then β normalizes the elementary abelian group of order 4 generated by α 2 and α 3 . This implies that H 1 ∼ = (C 2 × C 2 ) ⋊ C 3 ∼ = A 4 . Also, α 1 ∈ α 2 , α 3 yields α 1 ∈ H 1 . This proves that Aut(C a ) contains a subgroup H = H 1 , α 1 = H 1 × α 1 ∼ = A 4 × C 2 ∼ = SmallGroup (24, 13) . Assume now that, for an odd prime p, X 5 is a hyperelliptic curve of genus 5 defined over a finite field of characteristic p admitting an automorphism group H ∼ = A 4 × C 2 . Our aim is to prove that X 5 is F p -birationally equivalent to a curve belonging to the family in (10) .
The curve X 5 admits an affine model
where the points P i = (γ i , 0) with i = 1, . . . , 12 are the Weierstrass points of X 5 , see [74, Proposition 6.2.3] and [46, Theorem 11.98 ]. Let F p (x, y) be the function field of X 5 . The hyperelliptic involution α 1 ∈ H is α 1 : (X, Y ) → (X, −Y ) and its fixed field is F p (x). The fixed points of α 1 on X 5 are exactly P i , i = 1, . . . , 12.
Let H = H/ α 1 ∼ = A 4 ≤ PGL(2, F p ). From [84, Theorem 1] (see also [46, Theorem A.8] ), any subgroup of PGL(2, F p ) which is isomorphic to A 4 is conjugated to H in PGL(2, F p ). This means that up to conjugation we can assume that H, seen as an automorphism of the rational function field F p (x), is generated by the following maps Proof. Since H 1 is an automorphism group of X 5 , it acts on the set W of its Weierstrass points. Since the stabilizer in Aut(X 5 ) of a point P ∈ W is cyclic from [46, Lemma 11.44 ] and clearly contains α 1 we deduce that the 3 involutions in H 1 fix no points on W . Suppose that H 1 does not act transitively on W . Then the stabilizer H 1,P of P has order 3. A non trivial element δ ∈ H 1,P fixes at least three points of W , since the number of fixed points must be congruent to 0 modulo 3. Consider the element δ induced by δ on Aut(X 5 / α 1 ). Each point P lying under a fixed point of δ in W is fixed by δ On the other hand, by [46, Theorem 11.14 (d) ], δ fixes exactly 2 points on X 5 / α 1 ; this provides a contradiction.
Theorem 4.2. Let p be an odd prime and let F p be the algebraic closure of F p . Let X 5 : Y 2 = F (X) be an hyperelliptic curve of genus 5 defined over F p and let α 1 denote its hyperelliptic involution. If X 5 admits an automorphism group H ∼ = A 4 × C 2 with H = H/ α 1 ∼ = A 4 then X 5 is F p -birationally equivalent to a curve C a given in (10) If in addition X 5 is defined over a finite field F q with q ≡ 1 (mod 4) and admits at least an F q -rational Weierstrass point P = (t, 0), then X 5 is F q -birationally equiavalent to C a .
1 t , θ 1 θ 2 2 θ 1 θ 2 (t) = 1 t .
Label these values with z 1 , . . . , z 12 . Then G(X) := 12 i=1 (X − z i ) coincides with X 12 + −t 12 + 33t 8 + 33t 4 − 1 t 10 − 2t 6 + t 2 x 10 − 33X 8 + 2 t 12 − 33t 8 − 33t 4 + 1 t 10 − 2t 6 + t 2 X 6 −33X 4 + −t 12 + 33t 8 + 33t 4 − 1 t 10 − 2t 6 + t 2 X 2 + 1,
Since the roots of F (X) are mapped to the roots of G(X) by an automorphism of F p (x), the curve X 5 is birationally equivalent to that of equation Y 2 = G(X), which clearly belongs to the family described in (10) for a = t 12 − 33t 8 − 33t 4 + 1 t 10 − 2t 6 + t 2 = t 12 − 33t 8 − 33t 4 + 1 t 2 (t 4 − 1) 2 .
Note that if q ≡ 1 (mod 4) then the group H is defined over F q and H is conjugated to θ 1 , θ 2 in PGL(2, q), see [46, Theorem A.8] . This implies that if the curve X 5 admits a Weierstrass point (t, 0) which is F q -rational then X 5 is isomorphic over F q to a curve of type C a in (10).
Other examples of maximal curves
In this section we investigate other examples of maximal curves.
Definition 5.1. Let p be an odd prime and b ∈ F p . We denote by U p,b the curve of affine equation (25) x 6 + y 6 + 1 + bx 2 y 2 = 0. Proof. Direct computations done using the package MAGMA [9] for p ≤ 251.
